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Abstract
Let n, p and q be odd primes. In this paper, using some arithmetical properties of Lucas numbers,
we prove that if n > 3 and p ≡ 3(mod 4), then the equation x4 − q4 = pyn has no positive integer
solution (x, y) satisfying gcd (x, y) = 1 and 2 - y.
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1. Introduction
Let Z,N be the sets of all integers and positive integers respectively. Let p and q be odd
primes. Recently, F. Luca and A. Togbe´ [6] have proved that the equation
x4 − q4 = py3, x, y ∈ N, gcd(x, y) = 1, (1.1)
has no solution (x, y). The proof of this result used the existence of integral points on
certain elliptic curves.
Let n be an odd prime. In this paper we deal with a general equation
x4 − q4 = pyn, x, y ∈ N, gcd(x, y) = 1. (1.2)
This equation is one of many varieties of Fermat’s equation (see [2–5,8]). Using some
arithmetical properties of Lucas numbers, we prove the following result.
Theorem. If n > 3 and p ≡ 3(mod 4), then (1.2) has no solution (x, y) with 2 - y.
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2. Preliminaries
For any real number z, let
Pn(z) = z
(n−1)/2
i=0
(−1)i
 n
2i

zn−2i−1,
Qn(z) =
(n−1)/2
i=0
(−1)i

n
2i + 1

zn−2i−1. (2.1)
Lemma 2.1. If z > 2n/π , then Pn(z) > 0 and Qn(z) > 0.
Proof. Let
α = z +√−1, β = z −√−1. (2.2)
Then we have
α =

z2 + 1eθ
√−1, β =

z2 + 1e−θ
√−1, (2.3)
where θ is a real number satisfying
tan θ = 1
z
, 0 ≤ θ < π. (2.4)
By (2.1)–(2.3), we have
Pn(z) = 12 (α
n + βn) = (z2 + 1)n/2 cos(nθ),
Qn(z) = 1
2
√−1 (α
n − βn) = (z2 + 1)n/2 sin(nθ). (2.5)
Since z > 2n/π and
0 < θ = arctan 1
z
<
1
z
, (2.6)
by (2.4), we get 0 < nθ < n/z < π/2. It implies that cos(nθ) > 0 and sin(nθ) > 0. Thus,
by (2.5), the lemma is proved. 
Lemma 2.2. For any positive even integer r , we have λ1Pn(r) + λ2Qn(r) ≠ (r − 1)n ,
where λ1, λ2 ∈ {±1}.
Proof. We now assume that
λ1Pn(r)+ λ2Qn(r) = (r − 1)n, r ∈ N, 2|r, λ1, λ2 ∈ {±1}. (2.7)
By (2.1), we have
Pn(r) = (−1)(n−1)/2
(n−1)/2
i=0
(−1)i

n
2i + 1

r2i+1,
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Qn(r) = (−1)(n−1)/2
(n−1)/2
i=0
(−1)i
 n
2i

r2i . (2.8)
Substituting (2.8) into (2.7), we get
(−1)(n−1)/2λ2 ≡ −1(mod r).  (2.9)
If (−1)(n−1)/2λ2 = 1, then from (2.9) we get 2 ≡ 0(mod r) and r = 2. Notice that
Pn(2) ≡ (−1)(n−1)/2 2n(mod 4), Qn(2) ≡ (−1)(n−1)/2(mod 4) and (2−1)n ≡ 1(mod 4).
From (2.7) we get
(−1)(n−1)/2 2nλ1 + (−1)(n−1)/2 λ2 ≡ (−1)(n−1)/2 2nλ1 + 1 ≡ 1(mod 4), (2.10)
whence we obtain 2|n, a contradiction.
If (−1)(n−1)/2 λ2 = −1, then from (2.7) we get (−1)(n−1)/2 λ1 = 1 andn
2

=
n
j=3
λ j

n
j

r j−2, λ j ∈ {0,±1}, j ≥ 3. (2.11)
This time, if r = 2, then it can be deal with by arguments similar to the ones from the case
(−1)(n−1)/2λ2 = 1. If r > 2, let 2α ∥ (n − 1)/2 and 2β j ∥ j ( j − 1) for j ≥ 3. Since
2|r, β3 = 1 and β j ≤ (log j)/ log 2 ≤ j − 2 for j ≥ 4, by
n
j

r j−2 = n

n − 1
2

n − 2
j − 2

2r j−2
j ( j − 1) , (2.12)
we get
n
j

r j−2 ≡ 0(mod 2α+1), j ≥ 3. (2.13)
Therefore, since 2α ∥  n2 , we see from (2.13) that (2.11) is impossible. It implies that (2.7)
is false. The lemma is proved.
Lemma 2.3. If z > 5(n − 1)/2, then Pn(z)− Qn(z) > (z − 3)n .
Proof. We now assume that
Pn(z)− Qn(z) ≤ (z − 3)n . (2.14)
By (2.1) and (2.14), we have
(n−1)/2
i=0

n
2i + 1

32i+1 − (−1)i

zn−2i−1
−

n
2i + 2

32i+2 + (−1)i

zn−2i−2

≤ 0. (2.15)
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However, since z > 5(n − 1)/2, we have
n
2i + 1

32i+1 − (−1)i

zn−2i−1 −

n
2i + 2

32i+2 + (−1)i

zn−2i−2
=

n
2i + 1

32i+1 − (−1)i

zn−2i−2
×

z −

n − 2i − 1
2i + 2
 
32i+2 + (−1)i
32i+1 − (−1)i

≥

n
2i + 1

32i+1 − (−1)i

zn−2i−2

z − 5
2
(n − 1)

> 0, j ≥ 0. (2.16)
Therefore, by (2.16), (2.15) is impossible. The lemma is proved. 
Lemma 2.4 ([7, Section 15.2]). For any positive odd integer n, every solution of the
equation
X2 + Y 2 = Zn, X, Y, Z ∈ N, gcd(X, Y ) = 1, 2|X (2.17)
can be expressed as
Z = r2 + s2, r, s ∈ N, gcd(r, s) = 1, 2|r,
X + Y√−1 = λ1(r + λ2s
√−1)n, λ1, λ2 ∈ {±1}.
Let α, β be algebraic integers. If α+β and αβ are nonzero coprime integers and α/β is
not a root of unity, then (α, β) is called a Lucas pair. Further, let A = α + β and C = αβ.
Then we have
α = 1
2
(A + λ√B), β = 1
2
(A − λ√B), λ ∈ {±1},
where B = A2 − 4C . We call (A, B) the parameters of the Lucas pair (α, β). Two Lucas
pairs (α1, β1) and (α2, β2) are equivalent if α1/α2 = β1/β2 = ±1. Given a Lucas pair
(α, β), one defines the corresponding sequence of Lucas numbers by
Lk(α, β) = α
k − βk
α − β , k = 0, 1, 2, . . . . (2.18)
For equivalent Lucas pairs (α1, β1) and (α2, β2), we have Lk(α1, β1) = ±Lk(α2, β2)
for any k. A prime I is called a primitive divisor of Lk(α, β) if k > 1, I |Lk(α, β) and
I - BL1(α, β) · · · Lk−1(α, β). A Lucas pair (α, β) such that Lk(α, β) has no primitive
divisor will be called a k-defective Lucas pair. Further, a positive integer k is called totally
nondefective if no Lucas pair is k-defective.
Lemma 2.5 ([9]). Let k satisfy 4 < k ≤ 30 and k ≠ 6. Then, up to equivalence, all
parameters of k-defective Lucas pairs are given as follows:
(i) k = 5, (A, B) = (1, 5), (1, − 7), (2, − 40), (1, − 11), (1, − 15), (12, −
76), (12, − 1364).
(ii) k = 7, (A, B) = (1, − 7), (1, − 19).
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(iii) k = 8, (A, B) = (2, − 24), (1, − 7).
(iv) k = 10, (A, B) = (2, − 8), (5, − 3), (5, − 47).
(v) k = 12, (A, B) = (1, 5), (1, − 7), (1, − 11), (2, − 56), (1, − 15), (1, − 19).
(vi) k ∈ {13, 18, 30}, (A, B) = (1, − 7).
Lemma 2.6 ([1]). If k > 30, then k is totally nondefective.
3. Proof of theorem
Lemma 3.1. Let (x, y) be a solution of (1.2) with 2 - y. If n > 3 and p ≡ 3(mod 4),
then we have
x = |Pn(r)|, q = |Qn(r)|, r ∈ N, 2|r (3.1)
and
x + λq = cn, x − λq = pdn, y = cd(r2 + 1), λ ∈ {±1},
c, d ∈ N, gcd(c, d) = 1, 2 - cd. (3.2)
Proof. Since 2 - qy, we have 2|x . Since gcd(x, y) = 1, we get q - xy and gcd(x2 −
q2, x2 + q2) = 1. Further, since p ≡ 3(mod 4), we have p - x2 + q2. Therefore, by (1.2),
we get
x2 − q2 = pan, x2 + q2 = bn, y = ab, a, b ∈ N,
gcd(a, b) = 1, 2 - ab.  (3.3)
By the first equality of (3.3), we have
x + λq = cn, x − λq = pdn, a = cd, c, d ∈ N,
gcd(c, d) = 1, 2 - cd. (3.4)
Applying Lemma 2.4 to the second equality of (3.3), we get
b = r2 + s2, r, s ∈ N, gcd(r, s) = 1, 2|r (3.5)
and
x + q√−1 = λ1(r + λ2s
√−1)n, λ1, λ2 ∈ {±1}. (3.6)
From (3.6), we have
x = λ1r
(n−1)/2
i=0
 n
2i

rn−2i−1(−s2)i (3.7)
and
q = λ1λ2s
(n−1)/2
i=0

n
2i + 1

rn−2i−1(−s2)i . (3.8)
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Further, since q is an odd prime, we get from (3.8) that either
s = q, 1 = λ1λ2
(n−1)/2
i=0

n
2i + 1

rn−2i−1(−q2)i (3.9)
or
s = 1, q = λ1λ2
(n−1)/2
i=0
(−1)i

n
2i + 1

rn−2i−1. (3.10)
We now remove the possibility of (3.9). Let
α = r + q√−1, β = r − q√−1. (3.11)
Then we have α + β = 2r, αβ = r2 + q2 and α/β satisfies (r2 + q2)(α/β)2 − 2(r2 −
q2)(α/β)+ (r2 + q2) = 0. It implies that α + β are αβ are coprime positive integers, and
α/β is not a root of unity. Therefore, (α, β) is a Lucas pair with parameters (2r, − 4q2).
Let Lk(α, β) (k = 0, 1, 2, . . .) denote the corresponding Lucas numbers. If (3.9) holds,
then from (2.18) and (3.11) we get
Ln(α, β) = ±1. (3.12)
We see from (3.12) that the Lucas number Ln(α, β) has no primitive divisor. But, since n
is an odd prime with n > 3, by Lemmas 2.5 and 2.6, it is impossible. Therefore, (3.9) is
impossible.
Since s = 1 by (3.10), comparing (2.1), (3.7) and (3.8), we obtain (3.1). Moreover, by
(3.3)–(3.5), we get (3.2). Thus, the theorem is proved.
Proof of Theorem. Let (x, y) be a solution of (1.2) with 2 - y. By Lemma 3.1, x, y and
q satisfy (3.1) and (3.2). We see from (2.1) and (3.1) that
x − q < x + q ≤ |Pn(r)| + |Qn(r)| < (r + 1)n . (3.13)
Since 2 - c, by (3.2) and (3.13), we have c ≤ r − 1. Further, by Lemma 2.2, we have
cn = x + λq = |Pn(r)| + λ|Qn(r)| ≠ (r − 1)n . It implies that c ≠ r − 1 and
c ≤ r − 3. (3.14)
We now remove the existence of the solution (x, y) in the following three cases.
Case I: r > 5(n − 1)/2.
By Lemma 2.1, we get from (3.1) that
x = Pn(r), q = Qn(r). (3.15)
Further, by Lemma 2.3, we obtain from (3.2), (3.14) and (3.15) that
(r − 3)n ≥ cn = x + λq ≥ x − q > (r − 3)n, (3.16)
a contradiction.
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Case II: 2n/π < r ≤ 5(n − 1)/2.
By Lemma 2.1, x and q satisfy (3.15) too. Since n is an odd prime, we haven
0

=
n
n

= 1, n |

n
j

, j = 1, . . . , n − 1. (3.17)
Hence, by (2.1) and (3.17), we have
Pn(r) ≡ rn ≡ r(mod n), Qn(r) ≡ (−1)(n−1)/2(mod n). (3.18)
Substituting (3.18) into (3.15), we get from (3.2) that
c ≡ cn ≡ x + λq ≡ r + (−1)(n−1)/2λ(mod n), λ ∈ {±1}. (3.19)
Further, since 2|r and 2 - cn, by (3.19), we have
c ≡ r + (−1)(n−1)/2λ(mod 2n). (3.20)
Since 2n/π < r ≤ 5(n − 1)/2, we see from (3.14) and (3.20) that
c = r + (−1)(n−1)/2λ− 2n ≤ r + 1− 2n. (3.21)
Hence, by (3.21), we have
r ≥ 2n, c < n
2
≤ r
4
. (3.22)
By (2.4), (2.5), (3.15) and (3.22), we get
x + λq ≥ x − q = Pn(r)− Qn(r) = (r2 + 1)n/2 (cos(nθ)− sin(nθ))
= (r2 + 1)n/2√2 cos

nθ + π
4

, (3.23)
where θ is a real number satisfying
0 < nθ = n arctan 1
r
<
n
r
≤ 1
2
. (3.24)
Therefore, by (3.2) and (3.22)–(3.24), we obtainr
4
n
> cn = x + λq > (r2 + 1)n/2√2 cos

1
2
+ π
4

> 0.3897(r2 + 1)n/2 > 0.3897rn, (3.25)
whence we get 1 > 0.3897× 4n > 1, a contradiction.
Case III: r ≤ 2n/π .
By (3.1), (3.2) and (3.18), we get
c ≡ cn ≡ x + λq ≡ |Pn(r)| + λ|Qn(r)| ≡ λ1r + λ2(mod 2n),
λ, λ1, λ2 ∈ {±1}. (3.26)
But, since 0 < r < 2n/π < n and 0 < c 6 r − 3 by (3.14), (3.26) is impossible.
To sum up, we deduce that (1.2) has no solution (x, y) with 2 - y. The theorem is
proved. 
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